The shallow ice equations are derived in spherical coordinates starting with the field equations and the constitutive law for terrestrial ice as a viscous heat conducting incompressible fluid. All these equations are expressed in spherical coordinates. Numerical representations of the shallow ice equations are implemented in a number of ice-sheet models. As applications of such a model in palaeo-climate research, simulations of the Last Glacial Inception and Heinrich events are shown. The polythermal ice-sheet model SICOPOLIS in its version coupled with the climate system model CLIMBER-2 is utilised for these simulations. The importance of the coupling of the ice sheets with the rest of the climate system is demonstrated. Further, the dependence of Heinrich events on the initial conditions is shown.
Introduction
By volume, the cryosphere is the third largest component of the climate system. Most of the present-day terrestrial ice is stored in the inland-ice masses of Greenland and Antarctica. The volume of the entire Antarctic ice sheet corresponds to about 60 m sea level and that of the Greenland ice sheet to roughly 7 m sea level [12] . While the East Antarctic ice sheet is certainly stable there is a debate whether the West Antarctic ice sheet might decay in the future, which could rise the sea level by about 5 m [3] .
Several ice-sheet models have been developed during the last decades. Here, only the thermomechnical models will be discussed. Thermomechnical models treat the temporal variation of the shape of ice sheets as well as the evolution of temperature inside the ice. Knowledge of the temperature inside the ice is important, because the ice flow depends strongly on temperature. Furthermore, there are phenomena like Heinrich events (see below), which can be only understood if the development of ice temperature is computed. Certainly, this paper is not aimed to give a compilation of all ice-sheet models and their application. My only intention is to give an overview on the contemporary large-scale ice-sheet models.
The three dimensional (3D) ice-sheet model by Huybrechts [33] is based on a two dimensional (one vertical and one horizontal direction) pre-courser [35] and found several applications in modelling the Greenland and Antarctic ice sheets, palaeo ice sheet and in projections of future sea-level changes, e.g. [42, 37, 36, 34] . The model by Huybrechts includes ice shelves. These are large floating ice masses, which are fed by an ice sheet. The largest present-day ice shelves are the Filchner-Rønne and the Ross Ice Shelves in Antarctica. They play an important role for the stability of the West Antarctic ice sheet. Payne [49] developed a 2D thermomechanical ice-sheet model and used it to investigate internal oscillations of ice sheets (Heinrich events) . Later the same author [51] introduced a 3D thermomechanical icesheet model. Among a number of other studies this 3D model was utilised to analyse ice stream formations in the Scandinavian ice sheet [50] . Ritz [53] investigated the sensitivity of the Greenland ice sheet to ice flow and ablation parameters. In another version of the model by Ritz ice shelves were included [54] . Further, the model was utilised to study different feedback mechanisms during the Last Glacial Inception [40] . The model by Marshall and Clarke [43] treats terrestrial ice as a mixture of slowly flowing ice sheets and more mobile ice streams. In their simulations of the Laurentide ice sheet [44] they found quasiperiodic surges of the ice in Hudson Strait associated with high ice-stream activity. The 3D thermomechanical ice-sheet model by Tarasov and Peltier [57] was used for simulations of the Last Glacial Cycle and, more recently, for an analysis of the deglacial history of the Laurentide ice sheet [58] .
Here, two challenging phenomena of past climate changes are chosen to reveal the importance of the dynamics of ice sheets in palaeo-climate modelling; these are the Last Glacial Inception and Heinrich events. For an understanding of the future behaviour of the terrestrial ice sheets the investigation of past changes of the ice masses and an understanding of the mechanisms of past climate changes are vital.
The paper is organised as follows. First, a review is given of the field equations and the constitutive relations for terrestrial ice sheets as well as the basic equations of large-scale icesheet models are presented in Section 2. All equations are given in spherical coordinates. The numerical models used for the simulations are introduced in Section 3. In Section 4 results of simulations of the Last Glacial Inception and Heinrich events are presented. The concluding remarks in Section 5 close the paper.
The shallow ice approximation in spherical coordinates
Large-scale ice-sheet models, except those presented in [55] and [48] , are based on the shallow ice approximation by [31, 47] . In climatology, ice sheets are often termed inland ice. I use both terms as synonyms. A review of the theory of the dynamics and thermodynamics of ice sheets can be found in [32, 9] .
The spherical representation of the shallow ice equations is often used in ice-sheet models in their application in climate research. Spherical coordinates are convenient here, because the climate model, which the ice-sheet model is coupled to, is in spherical coordinates as well. Interpolation and downscaling procedures are easier to implement if the coordinates of the model components are of the same type. Therefore, the shallow ice equations are derived in spherical coordinates in this section.
Field equations
It is assumed that large ice masses behave as incompressible heat-conducting-nonlinear viscous fluids. This yields the balance equations mass:
and the constitutive relations
where v, p, t D , ρ, g, u, E, D, T , q, κ, c v are, respectively, the velocity, pressure, stress deviator, density, gravity acceleration, internal energy, enhancement factor, strain rate tensor, temperature, heat flux vector, heat conductivity, and the specific heat at constant volume. The stress deviator is defined by
where t and 1 are the stress tensor and the unit tensor, respectively. Furthermore, the homologous temperature T is given by
where β is the Clausius-Clapeyron constant. In most ice-sheet models, the temperature rate factor A(T ) is described by the Arrhenius relation
where A 0 is a constant, R = 8.314 J mol
is the universal gas constant and Q is the activation energy for creep. The fluidity is given by Glen's power law
with the effective shear stress
The transformation from Cartesian into spherical coordinates reads
where r, φ and λ are the radial distance from the Earth's centre, the latitude and the longitude, respectively. Here, the latitude angle φ equals ±π at the poles. Applying (8) in the balance of mass (1) 1 leads to
The spherical representation of the temperature evolution equation follows from equations (1) 2 , (2),
The momentum balance (1) 3 in spherical coordinates takes the form
For the flow law of ice (2) 1 the transformation (8) yields
In what follows the other four components of (2) 1 are not required and therefore not listed here.
Introduction of scales
In order to derive the shallow ice equations in spherical coordinates I now introduce the scalings are typical values for the Earth's radius, the ice thickness, the angles of the spherical coordinates (in radiant), the absolute value of the horizontal velocity v H , the vertical velocity, the temperature range, the specific heat of ice, the heat-conductivity offset, the absolute heat conductivity, the rate factor and the fluidity. These typical values are chosen such that the dimensionless model variables, which are indicated by tildes, are of order unity. The relations (13) 3,4 have originally been suggested by Greve [23] . Substitution of the scalings (13) into the spherical field equations (9) to (12) leads to the dimensionless products
where , F, D, α, ψ, and K are called aspect ratio, Froude number, thermal diffusivity number, ratio of the potential energy to the internal energy, ratio of the heat-conductivity offset to the absolute heat conductivity and fluidity number. Note that [L] itself is dimensionless. The scalings (13) and the dimensionless products (14) 
which elucidates the connection to the shallow ice approximation in Cartesian coordinates [32, 9] . In what follows the scaled variables are introduced in the spherical field equations (9) to (12) . Note that in the equations below all variables are dimensionless, and the corresponding tildes are omitted for simplicity.
• Mass balance
• Temperature equation
(17)
• Momentum balance
• Flow law of ice
The derivative with respect to r in the scaled mass balance (16) takes for small the limit
because the vertical direction is large compared with its variation. Analogous approximations can also be performed for the heat equation (17) and the flow law (19) reducing the computational time in the numerical procedure. While the scaled momentum balance in Cartesian coordinates contains no terms of order O( ), the stress tensor components t rλ and t rφ in equations (18) 2,3 possess such terms. The scaled effective shear stress (7) reads
This result is analogous to the Cartesian case.
The shallow ice equations
Neglecting the terms with and F leads to a reduced model, the shallow ice approximation. The limits
are performed, and the system of equations is transformed back to the dimensional notation, which yields the reduced model equations. In what follows the variables without tildes denote again the dimensional quantities. Thus, the ice-thickness evolution equation follows from equation (16),
where H, h, b, Q, v H , M and M * are the ice thickness, surface elevation, bottom altitude, mass (better: volume) flux, horizontal velocity (v H =ê λ v λ +ê φ v φ ), accumulation-ablation rate 2 (snowfall minus melting) and basal melting of the ice sheet, respectively. The horizontal spherical divergence is given by
and the reduced temperature evolution equation reads
Note that in equation (25) the heat conductivity κ(T (r)) is differentiated with respect to the vertical direction r. This is so, because the heat conductivity is temperature-dependent, and the ice temperature varies conspicuously in the vertical direction. The reduced momentum balance is
and the reduced flow law is given by
The reduced momentum balance (26) is similar to that in Cartesian coordinates. Without the coefficients 1/(r 0 cos φ) and 1/r 0 equation (26) would have the same form as in Cartesian coordinates. The reduced effective shear stress follows from (21) and reads
Because the Earth's radius r 0 is constant in our approximation, the system of differential equations (26) and (27) can be integrated analogously to the Cartesian case. Before doing this, let me introduce the boundary conditions at the ice surface r = h(λ, φ, t) the stress free conditions
and at the bottom of the ice sheet r = b(λ, φ, t) the nonlinear viscous sliding law
where c s , l and m are parameters which will be fixed later.
Together with the boundary conditions (30) the reduced momentum balance equations (26) in integrated form yield
Substitution of (32) 2 into the flow law components (27) 1 leads to
with
The vertical velocity follows in a subsequent step from the scaled mass balance
Equations (23), (28), (31) and (32) to (35) are analogous to the corresponding Cartesian equations. It should be admitted that these results could also be found heuristically. Nevertheless, a proper scaling shows the limits of the validity of the theory. Additionally, the spherical representations of the shallow ice equations presented above can be useful for further theoretical considerations.
The models
A version of the polythermal ice-sheet model SICOPOLIS has been included into the climatesystem model CLIMBER-2. On time scales longer than about 5000 years, the cryosphere becomes an important part of the climate system. The cryosphere is coupled with the atmosphere and the ocean. The surface temperature and the accumulation-ablation rate (snowfall minus melting) alter the shape of the ice sheet and the temperature in the ice-sheet. Vice versa, inland ice feeds back to the atmosphere by the ice surface elevation and albedo; similarly the ocean acts in this system by its fresh water fluxes. In addition to other ice-sheet models, SICOPOLIS differentiates between regions of cold ice, i.e. ice below the melting point, and warm or temperate ice, i.e. ice at the melting point. The respective equations are not shown in Section 2; their Cartesian form is derived in [24] .
The climate-system model CLIMBER-2
CLIMBER-2 is an Earth System Model of Intermediate Complexity (EMIC); see [14] for a comprehensive description of the contemporary EMICs. Such kinds of models provide the only chance to simulate the behaviour of the climate system over longer time scales while having, at the same time, still the most important climate components integrated (atmosphere, ocean, terrestrial vegetation, inland ice) in the model with sufficient details of description. CLIMBER-2, was designed for simulations lasting between 10 years and up to 1,000,000 years. For even longer simulation times so-called conceptual models with a lower grade of description as EMICs are more appropriate. Fig. 1 illustrates with a block diagram the models components of CLIMBER-2.
The atmospheric part of CLIMBER-2 is a statistical dynamic model, which was developed by [52] . It has a resolution of 51
• in longitude and 10
• in latitude. The ocean module consists of three basins representing the Pacific, Atlantic and Indian Oceans and is described by a model of the Stocker-Wright type [56] . Each basin is resolved with 2.5
• in latitude and has 20 unequally thick layers in the vertical direction. The vegetation module treats different types of plants and their CO 2 storage [5] . Fig. 1 , shows the quantities which determine the various components of CLIMBER-2 and it illustrates the couplings between the different modules.
CLIMBER-2 has been used for a variety of dynamical studies including those of the Holocene [20] the Last Glacial Maximum [21] , Dansgaard-Oeschger Oscillations [22] and Heinrich Events [8] . Dansgaard-Oeschger Oscillations are rapid past climate changes during the mid and late part of the last glaciation. Phases of relatively mild climate conditions (interstadials) punctuated the cold background climate about every 1500 to 3000 years. Evidence for these oscillations are found in data (so-called proxy-data; climate change of the farer past can be measured indirectly only) of Greenland ice cores as well as marine cores [15, 4] . Heinrich events mostly appear in the later half of a glacial cycle [45] . Further discussions about Heinrich events can be found in section 4.2. Both Dansgaard-Oeschger Oscillations and Heinrich Events are associated with changes in the circulations of the Atlantic Ocean [13] .
The polythermal ice-sheet model SICOPOLIS
As an example for a state-of-the-art ice-sheet model, the polythermal ice-sheet model SICOPO-LIS is described here. In principle, all 3D thermomechanical ice-sheet models are capable to represent the cryosphere in CLIMBER-2. SICOPOLIS [24, 25] calculates three-dimensionally the temporal evolution of the ice extent, thickness, velocity, temperature, water content and age. The model found numerous applications to past and future ice masses on Earth or on Mars, e.g. [25, 10, 26, 18, 17] .
In SICOPOLIS, temperate ice is treated as a binary mixture of warm ice and a small component water amounting up to 1 %. The interface that separates cold and temperate ice is monitored through the use of Stefan-type energy flux and mass flux matching conditions. The accordant equations are not show in Section 2 but their derivation follow the same spirit. The response of the lithosphere and asthenosphere to the changing load due to the evolving ice sheets is treated by a simple local relaxation-type model with an isostatic time lag of τ V = 3 kyr. A detailed description of SICOPOLIS can be found in [23, 24] . SICOPOLIS, has further the option to change coordinate systems in which the model is run. For the model version of SICOPOLIS which is coupled to the climate-system models CLIMBER-2 the spherical representation of the ice-sheet equations are used. In these studies, SICOPOLIS is operated on a resolution of 1.5
• in longitude and 0.75
• in latitude. The vertical direction is subdivided into 21 levels independent of the ice thickness and with decreasing layer thickness with depth in the ice. For further details concerning the setup see [6] 
Coupling
Because SICOPOLIS and CLIMBER-2 have a different resolution a coupling and downscaling procedure is implemented. SICOPOLIS provides CLIMBER-2 with the temporal change of surface elevation and the distribution of land area and inland-ice area, which are aggregated on the coarse grid. Conversely, the climate characteristics (air temperature and humidity, longwave and short-wave radiation, precipitation), calculated by CLIMBER-2 on the coarse grid, are utilised to compute the energy balance and the accumulation-ablation rate on the fine grid of SICOPOLIS. The coupling procedure is rather sophisticated, e.g. the precipitation downscaling accounts for orography effects of the fine grid. Details of the coupling are given in [6] .
Application of an ice-sheet model in palaeo-climate modelling

Last Glacial Inception
Glacial inceptions are rapid, on geological timescales, glaciations of the Earth's surface during the Earth's history. During the Quaternary, such glaciations happened relatively often on the Northern Hemisphere and find evidence in several sources, e.g. [16] . The build-up and decay of the inland ice led to changes of sea level. During the Last Glacial Maximum (21 kyr BP, 21,000 years before present) the sea level was about 120 m lower than at present-day. Fig. 2 shows the sea-level change through the last 800,000 years derived from a variety of marine cores known as the already classical SPECMAP curve. Today it is generally accepted that glacial inceptions are caused by long-term changes of the Earth's orbital parameters (precession, obliquity, eccentricity), which lead to a change of the radiation at the top of the Earth's atmosphere. This radiation is commonly named insolation. After Milankovitch [46] the summer insolation ("caloric summer half year") is important; snow which was accumulated in a preceding winter has less tendency to be molten in a rather long and cold succeeding summer. The climate system can amplify the effect of a drop of summer insolation [2] .
Simulations of the Last Glacial Inception using an EMIC including ice sheets have been done before by [60, 40] . Model studies by [6] explained glacial inception as a bifurcation in the climate system caused by a strong snow albedo feedback when the summer insolation is dropping. Other components in the climate system like vegetation via southward retreat of boreal forest and the ocean via expansion of sea ice amplify the Last Glacial Inception [7] .
The simulation presented in the following is fully coupled, i.e., all model components (atmosphere, vegetation, ocean and inland ice) can interact with each other. The only external forcings are the latitudinal and seasonally varying insolation and the CO 2 content of the atmosphere. The latter is prescribed from data after [1] . The model is run for 26,000 years starting at the last interglacial (the Eemian, 126 kyr BP) with the climate conditions at that time. Because the Eemian expansion of the ice sheets is rather unknown, the present-day equilibrium distribution in shape and temperature of the Greenland ice sheet is taken as initial condition for the ice sheets. See [6] for details. [59] . At about 117 kyr BP, the sea level starts to drop rapidly. The sea level drops by 50 m in less than 10,000 years, which corresponds well with the proxy-data. After 110 kyr BP the sea level starts to rise again, but not as intensely as in the observation. The reason for this might be that the ice in the model is not mobile enough. Fig. 4 shows time series of surface elevation of the ice sheets on the Northern Hemisphere. The simulation has been started at the previous interglacial (the Eemian, 126 kyr BP) with the modelled present-day equilibrium ice sheets (Fig. 4a) . The ice first developed over Baffin Island, northern Quebec and parts of the Canadian Archipelago (Fig. 4b). Figs. 4b,c,d illustrate that the ice first grows rapidly in area with the ice volume following slowly thereafter. This behaviour is different from the traditional view of glacial inception as a slow growth of ice caps from small nucleation centres [16, 61] . Such a growth cannot explain the rapidity of the drop in sea level during the Last Glacial Inception as indicated in the palaeo records. A more appropriate concept, the "instantaneous glaciation", was discussed by [39] . The simulations of this paper rather support such a concept. In should be noted that such a fast glaciation in area never could be simulated with an ice-sheet-only model, because the feedback mechanism of the climate system are very important here. See [6] for details. Here, the importance of the coupling of the ice sheets with the remainder of the climate system is demonstrated directly (Fig. 5) . The impact of change in vegetation, the ocean and the CO 2 content of the atmosphere on the Earth's surface ice cover was investigated by [7] in greater detail. The simulations of the Last Glacial Inception in this paper are denoted with the acronym "LGI". Simulation LGI is fully coupled; i.e. all simulated components of the climate system (atmosphere, vegetation, ocean, inland ice; see Fig. 1 ) can interact with each other. However, in simulations LGI 0.25, LGI 0.5 and LGI 0.75 the ice area passed to the climate module is reduced by a damping factor of 0.25, 0.5 and 0.75, respectively. The evolution of ice area in simulation LGI once more illustrates the rapidity of the increase of ice area at about 117 kyr BP. One can also see that the damping factor owns a threshold: If the damping factor is decreased from 1 to 0.75 or from 0.75 to 0.5 the maximum ice volume decreases in both cases. But further decrease leads to minor response in ice area only. The ice area in simulation LGI 0 (damping factor zero, not shown here) is practically identical with that from simulation LGI 0.25. This behaviour can be explained with the successive reduction of the snow albedo feedback through the introduced decrease of the damping factor in the considered simulations. It is also a strong hint that there are two equilibria in the climatecryosphere system: an interglacial state and a glacial state. The proof of this, if one accepts numerical simulations as a proof, was given in [6] .
Heinrich Events
Heinrich events are large-scale surges from the Laurentide ice sheet during glacial times. They appear if the basal ice over the Hudson Bay and Hudson Strait reaches the melting point and begins to slide rapidly over the soft sediment there. Material (so-called ice rafted detritus) from that provenance and carried by icebergs was found in marine cores in the North Atlantic [29] . Heinrich events belong to the most interesting phenomena in the climate system. During a Heinrich event sea level rose by several meters in some hundred years and the thermohaline circulation in the Atlantic broke down leading to substantial cooling in a broad region around the North Atlantic.
Self-sustained oscillations like Heinrich events were modelled before with 2D ice-sheet models (one vertical and one horizontal direction) by [49, 27, 30] . With a 3D model of the Laurentide ice sheet Marshall and Clarke [44] first simulated such oscillations. Their sea level changes were small in comparison with recent proxy-data (about 10 m, [11] ). Simulations of Heinrich events by [8] had an ice equivalent in sea level which matches well, with the finding by [11] .
Like in the simulations of glacial inception in section 4.1 the simulations of Heinrich events are started at 126 kyr BP and run for 126,000 years through the whole glacial cycle using the same initial conditions as before. But in the simulation of Heinrich events the fact is accounted for that sliding over sediments is much faster than sliding over hard rock. By setting m = 3 and l = 2 for hard rock and m = 1 and l = 0 for soft sediment in (31) two different sliding laws follow:
with the basal temperature T b and the pressure-melting temperature T pmp . The sliding parameters for hard rock and soft sediment have the values C R = 10 5 a −1
and C S = 1000 a −1 , respectively. The distribution of hard rock and soft sediment on the Northern Hemisphere (Fig. 6 ) is derived from global data of the sediment thickness [41] . It can be seen that Hudson Bay and Hudson Strait are not the only regions with soft sediment. There is soft sediment on the Canadian Archipelago and in the prairie in Northern America. These are regions where Heinrich events -or rather surging events, because the term Heinrich event stands exclusively for surging events over Hudson Bay and Hudson Strait -can appear potentially too. In Scandinavia, there is mainly hard rock surrounded by soft sediment. There is evidence of material in marine cores originating from these regions [28] .
One pre-condition for Heinrich events is that the basal ice is at the melting point. Then, the question appears why broad basal regions of an ice sheet can nearly simultaneously reach the melting point. The onset of a Heinrich event was explained as a fast movement of a sharp gradient in the ice sheet elevation upstream of the Hudson Strait caused by an expansion of the temperate basal area starting at the mouth of Hudson Strait [8] . Such a mechanism is called activation wave [19] . This activation wave migrates far into Hudson Bay. The ice over Hudson Bay and Hudson Strait can move very fast now, because the basal ice is at the melting point enabling high sliding over the soft sediment. See [8] for details.
As noted before, the model is run through the whole glacial cycle. As observed [28] the simulated Heinrich events appear during the second half of the glacial cycle. Therefore, only results during that time span are presented here. Fig. 7 shows the surface elevation of the Laurentide ice sheet before and after a Heinrich event. The surface elevation of the Laurentide ice sheet dropped by about 1 km. The shape of the ice sheet changed substantially from a onedome structure to a sickle-shaped structure.
In the simulations, Heinrich events obey the rules of chaos, i.e., with slightly different initial conditions the timing of the modelled events changes strongly. Fig. 8 shows two simulations which started at 65 kyr BP with slightly different initial conditions for the elevation of the Laurentide ice sheet. One initial condition in elevation was simply taken at 65 kyr BP; when the model computation was stopped, output was performed and the computation was continued with that initial condition. The other initial ice elevation, measured in meters, was produced with a random generator by multiplication of the factor (1 − R × 10 −6 ), where R ∈ (0, 1) is a random number, with the ice surface elevation at 65 kyr BP of the first Heinrich run. This factor produced a very small difference in elevation for the initial conditions at 
Concluding Remarks
In this paper it was shown that thermomechanically coupled dynamics of land based ice sheets is governed by the creeping flow equations in the so-called shallow ice approximation, which, for climate modelling on the Earth, have been derived here in spherical coordinates. Such shallow ice equations are utilized for large-scale ice-sheet evolution in several contemporary ice sheet models, but in applications I used the polythermal variant SICOPOLIS, comprising cold and temperate ice regions that are separated by a Stefan type transition surface. In the climate-system model CLIMBER-2, SICOPOLIS is one module in a coupled atmosphereocean-biosphere-cryosphere climate model of intermediate complexity, appropriate for time scales between 10 and 1,000,000 years. Application of SICOPOLIS within CLIMBER-2 demonstrated the importance of ice-sheet modelling in palaeo-climate research. This was done with two examples, the Last Glacial Inception and Heinrich events. The results showed that modelled ice sheet inception reproduced proxy-data in good agreement. The simulated Heinrich events corresponded to sea-level changes within the range of observations. But their chaotic response to initial conditions makes their detailed reproduction difficult. I hope to have shown that palaeo-climate research is a challenging topic of mechanics and applied mathematics. The continuum mechanical approach, paired with sophisticated numerical techniques, proves to be important not only for the understanding of the mechanisms of the past climate change, it is equally also of help in forecast scenarios. The paper should also have provided a feeling how difficult it will be to reliably predict the reaction of the Earth's system to e.g. anthropogenic greenhouse scenarios. Reconstruction of the past climate is a prerequisite to achieve reliable predictions into the future.
